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Bandwidth p erformance limits for �nite an tennas

A. J. Mac k a y

�

Octob er 30, 2007

Abstract

Maxim um bandwidth p erformance b ounds are giv en for an y �nite an tenna, either

in free space or ab o v e a p erfectly conducting ground plane. The theory is v alid for

an y class of an tenna, e.g. for patc h an tennas, dielectric resonator an tennas, etc. whose

radiating curren ts can b e con�ned to the Ch u sphere or hemisphere of radius a . An

example is giv en using the equiv alen t circuit of a p erfect lo op an tenna and a full-w a v e

n umerical analysis of a realisable lo op an tenna.

1 In tro duction

It is no w w ell kno wn (see Ch u [1] and also Wheeler [4]) that electrically small an tennas ha v e

a maxim um bandwidth that is prop ortional to the electrical v olume of a sphere that b ounds

the an tenna. This has b een giv en in terms of the Q of the an tenna deriv ed from the limiting

equiv alen t circuits of the spherical harmonic mo des in a general expansion of the �elds.

It is also kno wn (see F ano's seminal pap er [2]) that in tegral limits exist for the re
ection

co e�cien t of suc h equiv alen t circuits. These ma y b e applied to determine the maxim um

ac hiev able bandwidth of an y realisable an tenna, in m uc h the same w a y as w e ha v e applied

the theory to determine the maxim um p erformance of radar absorb en t materials [3].

In this pap er w e pro vide expressions for the maxim um bandwidth return loss pro duct of

an y �nite an tenna in free space or an y �nite an tenna supp orted on an in�nite p erfectly

conducting ground plane. Analytic results are deriv ed for rectangular and narro w-band return

loss distributions.

2 The general equiv alen t circuit for a �nite an tenna

In [1], it is sho wn that in the lo w frequency limit radiation from an y an tenna is dominated

b y the �rst T E

1

and �rst T M

1

spherical harmonic. The former is asso ciated with a magnetic

�
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dip ole and the latter with an electric dip ole. F or complete generalit y w e will assume b oth

mo des are presen t yielding, in the maxim um bandwidth case, a cross-�eld an tenna [4]. The

equiv alen t circuits for the T E

1

and T M

1

mo des are sho wn in �gure 1 b elo w. These forms

limit the maxim um bandwidth p erformance of an y an tenna at an y frequency .

C

L

L

C

TE1 mode (magnetic dipole)

TM1 mode (electric dipole)

(radiation resistance)R

(radiation resistance)Rport 2

port 2

port 1

from source

port 1

from source

Figure 1: Equivalent cir cuits for T E

1

(magnetic dip ole) and T M

1

(ele ctric dip ole) low fr e-

quency limiting forms for any antenna

F or b oth forms, the maxim um v alue for L = L

m

and the maxim um v alue for C = C

m

where

L

m

=

Z

0

a

c

0

C

m

=

a

Z

0

c

0

R = Z

0

(1)

where Z

0

is the imp edance of the space in whic h the an tenna radiates (t ypically free space,

Z

0

� 377
), c

0

is the sp eed of ligh t and a is the radius of a b ounding sphere whic h just

encapsulates the an tenna. In practise, there is alw a ys some residual stored energy in the

b ounding sphere and these limiting v alues for L and C are not attained.

F or an an tenna �xed to a p erfectly conducting ground plane, image theory implies that the

ground plane problem can b e replaced b y an an tenna together with its mirror image. In this

case, a represen ts the radius of the hemisphere whose 
at surface lies on the ground plane [4],

as illustrated in �gure 2. W e assume that the feed line to the an tenna do es not itself radiate,

either directly or via curren ts induced b y the an tenna. This is clearly true if the feed lies

under the ground plane, but ma y not b e true of a small an tenna fed b y a transmission line

ab o v e the ground plane. If there is radiation from the feed line, then that p ortion of the line

whic h radiates m ust also b e b ounded b y the hemisphere.

F or a general cross-�eld an tenna (asso ciated with a circularly p olarised �eld), b oth T E

1

and

T M

1

mo des can b e excited and Ch u's equiv alen t circuit forms m ust b e generalised. If A

0

and B

0

represen t the (real) T E

1

and T M

1

mo de co e�cien ts in the mo dal expansion of the

electric �eld, then ideal transformers ma y b e used to describ e the terms of the expansion

(for example as used for frequency selectiv e surfaces in [5]) with turns ratios T

1

= A

0

and

T

2

= B

0

. The lo w-frequency equiv alen t circuit ma y th us b e represen ted as the �rst circuit

2
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bounding hemisphere of radius a

ground plane

feed line to source

Figure 2: A n antenna on a gr ound plane and its b ounding hemispher e.

in �gure 3. This circuit is then transformed to emplo y a common load radiation resistance

and then rev ersed so that the constan t radiation resistance is considered the source in to t w o

arbitrary complex loads Z

0

1

and Z

0

2

whic h represen t the arbitrary (passiv e realisable) sources

used to generate the TE and TM �elds in the cross �eld system. In all an tenna cases, the

source imp edance presen ted at p ort 1 dep ends on the structure of the an tenna as w ell as the

feed circuitry supplying it.

3 The bandwidth in tegrals

F or b oth the magnetic and electric dip ole the transmission co e�cien t tak en as a function

of angular frequency , S

21

( ! ) has a double zero at the origin. This p ermits the existence of

t w o bandwidth in tegrals, as sho wn b elo w. First w e de�ne F ano's co e�cien ts [2], A

0

i

, as the

expansion co e�cien ts of the logarithm of the recipro cal complex p ort-2 re
ection co e�cien t

near zero frequency . If w e de�ne s = j ! ,

log

e

1

S

22

( s )

� j � + A

0

1

s + A

0

3

s

3

+ : : : + further p ossible o dd and ev en terms (2)

where � = 0 if S

22

(0) = +1 or � = � if S

22

(0) = � 1. (Note that A

0

2

= 0 and, in fact, for an

order n zero at the origin, all the ev en co e�cien ts A

0

2 i

for 1 � i � n � 1 are zero.) F or the

magnetic dip ole, electric dip ole and cross-�eld an tenna forms, it can b e sho wn that

A

0

1

=

8

<

:

2 C Z

0

, magnetic dip ole case.

2 L= Z

0

, electric dip ole case.

4 C Z

0

, cross �eld case.

(3)

W e observ e that for b oth electric and magnetic limit forms, the maxim um v alue for A

0

1

=

2 a=c

0

. F or the cross �eld an tenna, the maxim um v alue for A

0

1

= 4 a=c

0

.

3
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T1

T2

T1

T2

T1

T2
L 2

L 2
Z

1

Z2

L 2

L 2

Z
1

Z2

Z
1

C2

C2

Z2

L

LC

electric dipole section

magnetic dipole section

C

from source

port 1

R=Z

R=Z

0

0

L

LC

T

T

3

4

C

port 1

1:1

1:1

2Z 0

C

port 1

2

Z0
port 2
(input impedance Zo )

C2

are the impedances looking right-to-left into the transformersand 
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re
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Final representation

0

0

Figure 3: Equivalent cir cuit for a gener al cr oss-�eld antenna in the low fr e quency limit
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Similarly , w e can sho w that,

A

0

3

=

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

2

3

( C Z

0

)

2

( C Z

0

� 3 L= Z

0

) , magnetic dip ole case.

2

3

( L= Z

0

)

2

( � 3 C Z

0

+ L= Z

0

) , electric dip ole case.

8

3

( C Z

0

)

2

(2 C Z

0

� 3 L= Z

0

) , cross �eld case.

(4)

Again w e observ e that for b oth electric and magnetic limit forms, A

0

3

= �

4

3

( a=c

0

)

3

and t wice

this v alue for the cross �eld an tenna.

W e will emplo y di�eren t scale factors to those emplo y ed b y F ano, so that in tegrals are sp eci�ed

directly in terms of a re
ection co e�cien t measured in dB, �

dB

( ! ) = 10 l og

10

j S

22

j

2

measured

at p ort 2 (lo oking from the an tenna to w ards the source). Since the net w ork b et w een p orts

1 and 2 is lossless, the e�ciency of the an tenna ma y equally w ell b e c haracterised b y its

re
ection as b y its transmission co e�cien ts;

j T

21

j

2

= 1 � j S

22

j

2

and j S

11

j

2

= j S

22

j

2

(5)

If w e de�ne a dB con v ersion factor b y the co e�cien t,

� =

1

10 � log

10

( e )

(6)

F ano sho ws that there are t w o bandwidth equations that m ust b e satis�ed;

� � F

1

( x

i

) = A

0

1

� 2

X

i

1

�

r i

� � F

2

( x

i

) = � A

0

3

+

2

3

X

i

1

�

3

r i

(7)

where F

1

( x

i

) and F

2

( x

i

) are the follo wing in tegrals,

F

1

( x

i

) =

Z

1

0

�

dB

( ! ; x

i

)

!

2

d! < 0 (8)

F

2

( x

i

) =

Z

1

0

�

dB

( ! ; x

i

)

!

4

d! < 0 (9)

and where �

r i

are the zeros of the re
ection co e�cien t S

22

(o ccurring on the real axis or in

complex conjugate pairs) in the righ t hand of the complex s = j ! plane. The x

i

are arbitrary

parameters whic h ma y b e c hosen to c hange the shap e of the re
ection co e�cien t distribution.

Often w e ma y b e in terested in a rectangular distribution (see b elo w).

Note the fact that the complex zeros are those in the righ t hand complex plane. Those in

the left hand complex plane do not con tribute. Since the left hand sides of (7) are p ositiv e,

5
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A

0

1

> 0 and A

0

3

< 0 and the sums o v er zeros are p ositiv e it follo ws that � F

1

( x

i

) is maximised

if there are no righ t hand zeros but this is not true of � F

2

( x

i

). W e ma y de�ne the co e�cien ts,

B

1

= � � F

1

( x

i

) = A

0

1

, 0 < B

1

� 1

B

2

= � F

2

( x

i

) = A

0

3

, 0 < B

2

(10)

where there is no necessary upp er b ound on B

2

. Note that S

22

is minim um re
ection phase

1

if and only if B

1

= 1. F or a form with only a single zero in the transmission co e�cien t at

zero frequency , this w ould b e a necessary and attainable condition for maxim um bandwidth

as is the case for the design or radar absorb en t materials [3]. Ho w ev er, for the �nite an tenna

problem there is a double zero whic h requires the simultane ous satisfaction of b oth equations

in (7).

W e no w mak e an assumption on the kind of parametrisation of �

dB

,

�

dB

( ! ; x

1

; x

2

; : : x

N

) = j x

1

j �

dB

( ! ; p

1

; p

2

; : : p

N � 1

) (11)

suc h that the re
ection co e�cien t is c haracterised b y a shap e function �

dB

dep enden t on the

con trol parameters p

i

for i = 1 to N � 1 for N � 2. Maximising the bandwidth p erformance

of a distribution can no w b e tak en to mean maximising x

1

for a giv en set of parameters p

i

.

F ano solv ed this kind of double zero maxim um bandwidth problem for the sp ecial case of a

step function with the complemen tary limiting equiv alen t circuit (featuring a pair of zeros in

the transmission co e�cien t at in�nite frequency). Our problem ma y b e solv ed in the same

w a y since arg (1 =�

r i

) = � arg ( �

r i

) and the zeros app ear as mirrored pairs or lying on the real

s-axis. Th us, since 0 <

P

�

3

r i

=

P

< �

3

r i

� (

P

�

r i

)

3

, the t w o in tegrals in (7) are maximised

(in the sense of maximising x

1

for a giv en shap e function) if the sums o v er zeros are replaced

b y a single zero on the p ositiv e real axis. The maxim um bandwidth solution is therefore giv en

b y the elimination of �

r

in the pair,

� �F

1

( x

i

) = A

0

1

�

2

�

r

� �F

2

( x

i

) = � A

0

3

+

2

3 �

3

r

(12)

The optimal v alue of �

r

is indep enden t of j x

1

j , but generally dep enden t on p

i

. Ho w ev er, since

�

r

> 0 w e alw a ys ha v e an outer b ound on p erformance giv en b y B

p

� 1 indep enden t of p

i

.

4 Rectangular distributions

It is often required that an an tenna should exhibit a near rectangular distribution b et w een

lo w er and upp er band edges with angular frequencies !

1

and !

2

. Suc h a parametrisation also

p ermits a relativ ely simple analytic solution to (12). If S

dB

is the depth (de�ned p ositiv e) of

1

De�nition of phase requires a phase reference whic h, for p ort 2, lies at the surface of the b ounding sphere

con taining the an tenna. There is no w ell de�ned phase reference for p ort 1.

6
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the rectangle ( S

db

= � �

dB

within the band), then

F

1

( x

i

) � F

1

( !

1

; !

2

; S

dB

) = � S

dB

�

1

!

1

�

1

!

2

�

(13)

F

2

( x

i

) � F

2

( !

1

; !

2

; S

dB

) = �

S

dB

3

�

1

( !

1

)

3

�

1

( !

2

)

3

�

(14)

where w e iden tify x

1

= S

dB

, p

1

= !

1

and p

2

= !

2

in the parametrisation. No w w e assume

that A

0

1

and A

0

3

are giv en b y the limiting forms describ ed ab o v e for the magnetic and electric

dip ole t yp es, A

0

1

= 2 a=c

0

and A

0

3

= � (4 = 3)( a=c

0

)

3

. F or the cross �eld case, these v alues are

b oth doubled, considered later. T o cast in to dimensionless form de�ne,

!

1

= 2 � c

0

=�

1

, !

2

= 2 � c

0

=�

2




1

= �

1

= (2 � a ) , 


2

= �

2

= (2 � a ) (15)

and also,

y =

�

2

S

dB

( 


1

� 


2

) (16)

v

2

= 


2

1

+ 


1




2

+ 


2

2

(17)

The parameter y is prop ortional to a measure of the loss bandwidth pro duct. In this (single

mo de) case, B

1

= y . The parameter v is prop ortional to a measure of a v erage w a v elength o v er

the band. Eliminating �

r

in (12) results in a cubic equation, v alid for an y solution 0 < y � 1.

The lo w er constrain t is implicit in the de�nition, but the upp er one is not. W e m ust explicitly

require y � 1 to ensure that �

r

� 0. Th us,

3 � y (3 + v

2

) + 3 y

2

� y

3

= 0 , for y � 1. Otherwise, y = 1. (18)

whic h has the real solution,

y =

8

<

:

1 +

v

2

r

�

r

3

for v

2

� 2

1 for v

2

< 2

(19)

where

r =

�

3

2

�

1 = 3

�

9( v

2

� 2) +

p

324 � 324 v

2

+ 81 v

4

+ 12 v

6

�

1 = 3

(20)

with the limit y ! 3 =v

2

as v ! 1 .

In the cross-�eld case, the doubling of the v alues of A

0

1

and A

0

3

leads to another equation,

12 � y (12 + v

2

) + 6 y

2

� y

3

= 0 , for y � 2. Otherwise, y = 2. (21)

whic h has the real solution,

y =

8

<

:

2 +

v

2

r

0

�

r

0

3

for v

2

� 2

2 for v

2

< 2

(22)

7
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where

r

0

= 3

1 = 3

�

9( v

2

� 2) +

p

324 � 324 v

2

+ 81 v

4

+ 3 v

6

�

1 = 3

(23)

with the limit y ! 12 =v

2

as v ! 1 . In this cross-�eld case, B

1

= y = 2.

These maxim um bandwidth curv es, for b oth the single mo de (TE or TM) and cross-�eld cases

are sho wn in �gure 4.

0

0.5

1

1.5

2

0 5 10 15 20

 y
 (

a 
m

ea
su

re
 o

f n
or

m
al

is
ed

 lo
ss

-b
an

dw
id

th
 p

ro
du

ct
)

v2 (a measure of normalised average square wavelength)

Maximum bandwidth characterisation for a rectangular distribution

single mode antenna
cross field antenna

Figure 4: Maximum b andwidth r elationship b etwe en y and v

2

5 General narro w band an tennas

F or any narro w band an tenna, with angular cen tre frequency !

0

, there is negligible con tri-

bution to the in tegrals F

1

( x

i

) and F

2

( x

i

) except in the neigh b ourho o d of !

0

. W e ma y then

appro ximate,

F

1

( x

i

) �

1

!

2

0

Z

1

0

�

dB

( ! ; x

i

) d!

F

2

( x

i

) �

1

!

4

0

Z

1

0

�

dB

( ! ; x

i

) d! (24)

This allo ws another direct solution of (12). If w e de�ne,

!

0

=

2 � c

0

�

0

(25)




0

=

�

0

2 � a

(26)

and

�

dB

( ! ; x

i

) = S

dB

�

( n )

dB

( ! ) (27)

8
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where �

( n )

dB

( ! ) is the narro w band shap e function and further de�ne,

F

0

=

� 1

!

0

Z

1

0

�

( n )

dB

( ! ) d! (28)

y =

�

2

S

dB

F

0




0

(29)

and

v

2

= 3 


2

0

(30)

then the relation b et w een y and v

2

is exactly that giv en b y equations (18) and (21) for the

single mo de and cross �eld cases. This relation is univ ersal for an y narro w band distribution.

F or b oth rectangular and narro w band distributions a p erformance parameter ma y b e de�ned,

M

B

=

�

B

1

=y Single TE or TM mo de case

2 B

1

=y Cross �eld case

(31)

where B

1

is computed for a giv en implemen tation of an an tenna and matc hing feed according

to the de�nition (10), with �

dB

( ! ) computed or determined exp erimen tally . The co e�cien t

0 < M

B

� 1, with equalit y to unit y when the an tenna has minim um p ossible re
ection loss

o v er the band de�ned b y the shap e function. If it is p ossible to ac hiev e C ! C

m

and L ! L

m

in equation (1), then it is p ossible to ac hiev e M

B

! 1 as an attainable v alue for a suitably

designed an tenna.

6 Example - a magnetic lo op an tenna

It is common practice, for electrically small an tennas, to represen t the radiation resistance

b y a frequency dep enden t small v alue resistance in series with a radiation reactance absorb ed

within the equiv alen t circuit of the an tenna. F or example, with reference to �gure 1, the

magnetic dip ole equiv alen t circuit can b e represen ted over a smal l b andwidth ab out the fre-

quency !

0

b y the equiv alen t circuit sho wn in �gure 5, where the series radiation inductance

L

0

� L and the series radiation resistance R

0

� C

2

L

2

Z

0

!

4

0

or, using the small sphere limits,

R

0

� (2 � a=�

0

)

4

Z

0

, where �

0

is the free space w a v elength. This should not lead to the misun-

derstanding that wide band matc hing is p ossible with a suitable transformer but transformer

action c an , as w e no w sho w, p ermit a bandwidth approac hing optimalit y .

C

L port 2port 1 Z0

TE1 mode (magnetic dipole)

port 1

approximate (narrow band)
representation

from source

Z0

L

R

L

Figure 5: Narr ow b andwidth e quivalenc e (for a magnetic dip ole)

One design of a magnetic lo op high e�ciency an tenna is illustrated sc hematically in �gure

9
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6, together with an appro ximate equiv alen t circuit whic h ignores ohmic losses. This emplo ys

transformer coupling from a 50 ohm feed line and is th us inheren tly balanced and w ell suited

for use stand-alone or ab o v e a ground plane. In stand-alone use, the cable con tributes v ery

little as a secondary source of radiation and the radius of the b ounding sphere can b e tak en

as the radius of the outer lo op. In this example w e �rst sho w that the equiv alen t circuit can

C t

C t

port 1

small coupling loop

larger radiating loop

C t

Schematic of physical structure

electrical junction to
outer conductor of coax

(thick conductor)

port 1
50 ohm coax

real (non-ideal)
transformer

L

C

port 2 Approximate equivalent circuit

Reversed equivalent circuit
with representation of non-ideal
transformer

port 2
Z

Z0

0

C
L

1L (1-k )2

1L  k 2 R = k

1n

R n
22

(R=50 ohms)

Figure 6: A n ele ctric al ly smal l inductively c ouple d lo op antenna

ac hiev e optimalit y for a narro w-band resonan t lo op and then pro vide a sim ulation sho wing a

real lo op an tenna in free space designed o v er appro ximately the same frequency range.

The equiv alen t circuit sho ws a gap capacitance, C

t

, used to tune the device. (1 � k

2

) L

1

and

k

2

L

1

represen t the lo op series and sh un t inductances whic h, together with ohmic losses, ma y

b e reduced b y making the outer lo op width large; ideally a conducting torus. The parameter

k represen ts the e�ciency of 
ux coupling, 0 < k < 1 b et w een the inner and outer lo op and

n represen ts the turns ratio whic h w e assume here to b e unit y .

If w e assume an outer lo op radius (and hence b ounding sphere radius) a = 20 : 0 mm, the ra-

diation capacitance and inductance are assumed to tak e the limiting v alues C = C

m

� 0 : 177

pF and L = L

m

� 25 : 2 nH. W e also assume the an tenna is fed b y a 50
 source at p ort 1. If

C

t

� 1 : 24 pF, L

1

= 0 : 20 L , k

2

= 0 : 70 (so the series and sh un t inductances are � 1 : 51 and 3 : 52

nH resp ectiv ely) n umerical in tegration sho ws that M

B

� 0 : 997. These v alues are not critical

to ac hiev e M

B

� 1 : 0. The re
ection loss is sho wn in �gure 8 (equiv alen t circuit curv e).

A realistic ph ysical structure, mo delled using CST [6], is sho wn in �gure 7. All structures

are p erfectly conducting. The radiating torus has a maxim um and minim um radius of 20 : 0

mm and 10 : 0 mm, resp ectiv ely . The inner lo op is fed b y 50 ohm coax. The gap in the outer

10
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torus, used to pro vide the capacitance C

t

, is 0.5 mm wide. The inner lo op is assumed to com-

prise wire of diameter 0 : 9 mm. The prediction of return loss is also sho wn in �gure 8 (CST

curv e). The CST predictions feature a sligh t unph ysical ripple o v er the frequency sp ectrum

and should b e ignored. Numerical estimation of M

B

can b e made assuming an in tegration

range b et w een 0.5 and 1.0 GHz in whic h case M

B

� 0 : 68. This is quite go o d giv en that the

structure has not b een optimised and that our de�nition of M

B

assumes L = L

m

and C = C

m

whic h cannot b e ac hiev ed without the use of high p ermeabilit y materials.

Figure 7: R e alistic ge ometry (mo del le d using CST).

7 Conclusions

W e ha v e pro vided an analytical result establishing p erformance b ounds on the bandwidth

and maxim um return loss for an y �nite an tenna with a rectangular distribution or with

arbitrary narro w-band p erformance. This is v eri�ed with reference to an equiv alen t circuit

for a lo op an tenna and compared with a full w a v e prediction of a real structure. W e in tro duce

a p erformance co e�cien t M

B

to b enc hmark an y suc h an tenna.
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